Let P 6 denote the induced path on six nodes. We prove that if a perfect graph G contains P 6 as an induced subgraph but not two families introduced by Conforti and Cornue´jols then G is bipartite or disconnected, or % G has a star cutset. r
1. Introduction
Main result
In this paper, we follow the definitions and notation in West [8] . A graph G is perfect if, for any W DV ðGÞ; the chromatic number of GðW Þ is equal to the clique number of GðW Þ: Otherwise, it is imperfect. A minimally imperfect graph is an imperfect graph whose proper induced subgraphs are perfect. A well-known result about perfect graphs, which was conjectured by Berge [1] and proved by Lova´sz [6] , is that a graph G is perfect if and only if its complement % G is perfect. A hole is a chordless cycle of length at least four, and a hole is odd if it has an odd number of edges. The strong perfect graph conjecture (SPGC), also proposed by Berge [1] in 1960, states that a graph is minimally imperfect if and only if it is an odd hole or the complement of an odd hole. This conjecture was proved recently by Chudnovsky et al. [2] . We say that G contains H if H is isomorphic to an induced subgraph of G: We say that G is H-free if G does not contain H:
A star cutset is a node cutset such that one node of the cutset is adjacent to all the other nodes of the cutset. Chva´tal [3] showed their importance in the study of perfect graphs. Conforti and Cornue´jols [4] considered a class of perfect graphs that can be decomposed into bipartite graphs and line graphs of bipartite graphs using star cutsets and another decomposition called extended strong 2-join. These graphs are called WP-free and are defined by excluding two families of induced subgraphs which we will define later. WP-free graphs do not contain % P 6 : In this paper, we extend the class of WP-free graphs by allowing % P 6 and another family as induced subgraphs. Graphs in this larger class will be called WP 0 -free. This class of graphs contains all bipartite graphs (and, more generally, all Meyniel graphs [7] ), all line graphs of bipartite graphs and all complements of bipartite graphs. The main result of this paper is the following decomposition theorem.
Theorem 1. Let G be a WP
0 -free perfect graph. If G contains % P 6 as an induced subgraph, then G has a star cutset, or % G is a bipartite graph or is disconnected.
Notation and definitions
A node u is adjacent to a node set S (or S is adjacent to u) if u is adjacent to at least one node in S: A node u is not adjacent to a node set S (or S is not adjacent to u) if u is adjacent to none of S: Node u is universal for S if u is adjacent to every node in S: Let S 1 and S 2 be disjoint node sets in G: A path Pðv 1 ; v 2 ; y; v n Þ in G\ðS 1 ,S 2 Þ minimally connects S 1 and S 2 if P is a chordless path, only v 1 in P is adjacent to S 1 and only v n in P is adjacent to S 2 :
A wheel ðH; vÞ consists of a hole H (a chordless cycle with at least four nodes) and a center v such that v has at least three neighbors in H: A wheel is an odd wheel if it contains an odd number of triangles. It is easy to check that an odd wheel contains an odd hole. So a perfect graph cannot contain an odd wheel.
A wheel ðH; vÞ is called a twin wheel or T-wheel if v has exactly three neighbors in H and these three neighbors induce a path. A wheel ðH; vÞ is called a D-free wheel if ðH; vÞ induces a triangle-free graph. A wheel ðH; vÞ is called a universal wheel if v is adjacent to every node in H: A wheel ðH; vÞ is called a line wheel or L-wheel if it contains exactly two triangles and these two triangles have only the center v in common. A wheel is called a proper wheel if it is in none of the above four classes.
An L-parachute LPða 1 ; b 1 ; a 2 ; b 2 ; a 3 ; zÞ is a graph induced by an L-wheel ðH; a 3 Þ where H ¼ a 1 ; b 1 ; y; z; y; b 2 ; a 2 ; y; a 1 ; and a 1 ; a 2 ; b 1 and b 2 are the neighbors of a 3 in H; together with a chordless path Pða 3 ; y; zÞ of length greater than 1 (i.e. with at least two edges). No node of H\fz; b 1 g may be adjacent to an intermediate node of P:
A T-parachute TPða 1 ; a 2 ; b 1 ; b 2 ; zÞ (see Fig. 1 ) is a graph induced by a T-wheel ðH; a 2 Þ where H ¼ b 1 ; a 1 ; b 2 ; y; z; y; b 1 ; and a 1 ; b 1 and b 2 are the neighbors of a 2 in H; together with a chordless path Pða 2 ; y; zÞ of length greater than 1. No node of H\fz; b 1 g may be adjacent to an intermediate node of P: Sometimes, we use TPða 1 ; a 2 ; b 1 ; b 2 ; z; u 1 ; u 2 ; y; u m Þ to denote the T-parachute where u 1 ; u 2 ; y; u m are all the other nodes in the T-parachute.
A parachute is either an L-parachute or a T-parachute. A graph is WP-free if it contains neither a proper wheel nor a parachute. All these definitions were introduced by Conforti and Cornue´jols [4] . A graph is WP 0 -free if it contains neither a proper wheel nor a T-parachute other than % P 6 : Notice that the class of WP 0 -free graphs contains bipartite graphs, complements of bipartite graphs and line graphs of bipartite graphs (since any proper wheel and T-parachute other than % P 6 contains a triangle, a stable set of size 3 and either a claw or a diamond).
Motivation
Bipartite graphs, line graphs of bipartite graphs and the complements of these graphs are perfect graphs. Let us call basic graph a graph in one of these four classes. What is the structure of nonbasic perfect graphs? Chudnovsky et al. [2] showed that nonbasic perfect graphs contain a skew partition, a 2-join or its complement or a homogeneous pair. In this paper, we focus on a subclass of perfect graphs that have a finer structure. Conforti and Cornue´jols [4] showed that, if a nonbasic perfect graph G contains no proper wheel or parachute, then G has a star cutset or an extended strong 2-join or % G is disconnected. Perfect graphs with proper wheels are not basic, and perfect graphs with big parachutes (all parachutes other than the two graphs with 6 nodes in Fig. 2 ) are not basic, either. The graph in Fig. 2(a) , called L 6 ; is the complement of the line graph of a bipartite graph, and the graph in Fig. 2(b) is a cobipartite graph. So both are in basic classes. Our motivation is to generalize the result in Conforti and Cornue´jols [4] by allowing % P 6 as an induced subgraph. It follows from Theorem 1 and the results in [4] that all perfect graphs G that contain no proper wheel, no big parachute and no L 6 can be decomposed into bipartite graphs, line graphs of bipartite graphs and complements of bipartite graphs using star cutsets and extended strong 2-joins, or % G is disconnected. Recently, Conforti et al. [5] proved a decomposition theorem for perfect graphs G such that neither G nor % G contains a proper wheel or a long prism. This class does not contain the class studied in this paper and vice versa.
We call the graph of Fig. 2 (b) a % P 6 because its complement is a chordless path with 6 nodes. Notice that in this graph, nodes 6 and 2 are symmetric, nodes 5 and 3 are symmetric, and nodes 4 and 1 are symmetric. This symmetry will be used in the proofs.
Proof of Theorem 1
In this paper, we consider a WP 0 -free perfect graph G that contains % P 6 : In the rest of this paper, when we refer to a T-parachute, it will always be a T-parachute other than % P 6 : To prove Theorem 1, we first prove the following result.
Theorem 2. Let G be a WP 0 -free perfect graph that contains % P 6 : Let S be the node set of a % P 6 of G and let x be a node in G\S adjacent to S: Then G has a star cutset or S,fxg induces a co-bipartite graph.
The proof of this theorem is given in Section 2. Using this result, we then prove the following theorem in Section 3, which implies Theorem 1.
Given a graph F ; define an auxiliary graph H as follows. The nodes of H correspond to the P 6 's of F : Two nodes of H are adjacent if and only if the corresponding P 6 's have at least one edge in common. We say that an induced subgraph B of F is maximally P 6 -connected if B contains at least one P 6 and the nodes of H corresponding to the P 6 's of B induce a connected component of H:
Theorem 3. Let G be a WP 0 -free perfect graph that contains a % P 6 and let B be a maximally P 6 -connected induced subgraph of % G: If G has no star cutset then B is a bipartite connected component of % G:
Proof of Theorem 2
In this section, we prove Theorem 2. Let G be a WP 0 -free perfect graph that contains a % P 6 : Let S denote the node set of a % P 6 of G: We label the % P 6 as in Fig. 2 . We prove Theorem 2 by first enumerating the possible adjacencies of a node x in G\S to the node set S: As shown in Lemma 4, the possible adjacencies can be divided into four classes. Then we prove that G has a star cutset in the last three cases (Lemmas 6 and 7). Theorem 2 follows.
Lemma 4. If a node x in G\S is adjacent to S then only one of the following cases occurs:
(1) S,fxg induces a co-bipartite graph.
(2) The subgraph induced by S,fxg is one of the graphs in Fig. 3 . These two graphs are isomorphic. (3) The subgraph induced by S,fxg is one of the graphs in Fig. 4 . Each of them is the complement of the line graph of a bipartite graph. The graph in Fig. 4 ðaÞ is isomorphic to the graph in Fig. 4 ðbÞ: (4) NðxÞ-S induces a clique distinct from f1; 2; 3g or f4; 5; 6g:
Proof. If x is universal for f1; 2; 3g or for f4; 5; 6g then (1) holds. If x is adjacent to none of f1; 2; 3g or to none of f4; 5; 6g then (1) or (4) holds. We consider the remaining cases as follows.
Case 1: x is adjacent to exactly one of 1, 2, 3 and one of 4, 5, 6. There are 9 cases. If NðxÞ-S ¼ f1; 6g; f2; 4g; f2; 6g; or f3; 5g; then NðxÞ-S induces a clique. The remaining five cases are as follows. If NðxÞ-S ¼ f1; 4g then G contains a 5-hole ð5; 3; 1; x; 4; 5Þ: If NðxÞ-S ¼ f1; 5g then G contains a 5-hole ð5; 4; 2; 1; x; 5Þ: If NðxÞ-S ¼ f2; 5g then we have a T-parachute TPð1; 2; 6; 3; 5; xÞ: If NðxÞ-S ¼ f3; 4g then G contains a 5-hole ð4; x; 3; 1; 6; 4Þ: If NðxÞ-S ¼ f3; 6g then we have a Tparachute TPð4; 6; 5; 2; 3; xÞ:
Case 2: x is adjacent to exactly one of 1, 2, 3 and two of 4, 5, 6. There are also 9 cases.
Case 2.1: x is adjacent to 1 but not 2 or 3. If NðxÞ-S ¼ f1; 4; 5g then we have a Tparachute TPð4; 5; 6; x; 1; 3Þ: If NðxÞ-S ¼ f1; 4; 6g then G contains a 5-hole ð5; 3; 1; x; 4; 5Þ: If NðxÞ-S ¼ f1; 5; 6g then G contains a 5-hole ð5; 4; 2; 1; x; 5Þ: Case 2.2: x is adjacent to 2 but not 1 or 3. If NðxÞ-S ¼ f2; 4; 5g then we have a Tparachute TPð1; 2; 6; 3; 5; xÞ: If NðxÞ-S ¼ f2; 4; 6g then NðxÞ-S induces a clique. If NðxÞ-S ¼ f2; 5; 6g then GðS,fxgÞ is the graph in Fig. 3(a) .
Case 2.3: x is adjacent to 3 but not 1 or 2. If NðxÞ-S ¼ f3; 4; 5g then G contains a 5-hole ð4; x; 3; 1; 6; 4Þ: If NðxÞ-S ¼ f3; 4; 6g then we have a T-parachute TPð4; 6; 5; x; 3; 1Þ: If NðxÞ-S ¼ f3; 5; 6g then GðS,fxgÞ is the graph in Fig. 4 
(b).
Case 3: x is adjacent to exactly two of 1, 2, 3 and one of 4, 5, 6. There are also 9 cases. By symmetry, we get either contradictions or the graph in Fig. 3(b) or Fig. 4 
(a).
Case 4: x is adjacent to exactly two of 1, 2, 3 and two of 4, 5, 6. There are also 9 cases.
Case 4.1: x is adjacent to 1 and 2 but not 3. If NðxÞ-S ¼ f1; 2; 4; 5g then we have a T-parachute TPð4; 5; 6; x; 1; 3Þ: If NðxÞ-S ¼ f1; 2; 4; 6g then G contains a 5-hole ð5; 3; 1; x; 4; 5Þ: If NðxÞ-S ¼ f1; 2; 5; 6g then we have a T-parachute TPð1; 2; x; 3; 5; 4Þ:
Case 4.2: x is adjacent to 1 and 3 but not 2. If NðxÞ-S ¼ f1; 3; 4; 5g then the graph induced by f1; 2; 3; 4; 5; 6; xg is the complement of a 7-hole. If NðxÞ-S ¼ f1; 3; 4; 6g then we have a T-parachute TPð1; 3; 2; x; 4; 5Þ: If NðxÞ-S ¼ f1; 3; 5; 6g then G contains a 5-hole ð5; 4; 2; 1; x; 5Þ: Case 4.3: x is adjacent 2 and 3 but not 1. If NðxÞ-S ¼ f2; 3; 4; 5g then G contains a 5-hole ð4; x; 3; 1; 6; 4Þ: If NðxÞ-S ¼ f2; 3; 4; 6g then we have a T-parachute TPð4; 6; 5; x; 3; 1Þ: If NðxÞ-S ¼ f2; 3; 5; 6g then GðS,fxgÞ is the graph in Fig. 4 
(c).
This completes the proof. & It is worth looking at the complements of the graphs in Figs. 3 and 4. Their complements contain a P 6 ð6; 3; 4; 1; 5; 2Þ and x is adjacent to 1, 4 and at most one of 2, 3, 5 and 6.
Lemma 5. If G has neither the star cutset Nð2Þ,f2g\f1; 4g (center 2) nor the star cutset Nð6Þ,f6g\f1; 4g (center 6), then G contains one of the graphs in Fig. 5 .
Proof. We prove this lemma by contradiction. Let S ¼ Nð2Þ,f2g\f1; 4g: Suppose that S is not a star cutset (center 2). Let Pðx 1 ; y; x n Þ be any path in G\ðS,f1; 4; 5gÞ that minimally connects node 1 and f4; 5g: x 1 is adjacent to node 1. x n is adjacent to f4; 5g: Nodes of P may be adjacent to node 3 or 6 but not 2. Suppose that P contains only a single node x 1 : Then by Lemma 4, x 1 is adjacent to 1, 4, 5, 6 (and possibly 3) but not 2. Thus we get node a of Fig. 5 . We assume now that P contains at least one edge. We consider the following cases.
Case 1: x n is adjacent to node 4 but not 5. If no node of P is adjacent to 3 then G contains an odd wheel ð5; 3; 1; P; 4; 5; 2Þ: Therefore, V ðPÞ must be adjacent to 3. By Lemma 4, x n cannot be adjacent to 3. Let x i be the node of largest index adjacent to 3. Let Q be the subpath of P from x i to x n : If no node of V ðQÞ is adjacent to 6 then G contains an odd wheel ð4; Q; 3; 1; 6; 4; 2Þ: Hence, Q has a node adjacent to 6. Let x j ðjXiÞ be the node of smallest index adjacent to 6. Let Q 0 be the subpath of P from x i to x j : If jan then we have a T-parachute TPð4; 6; 5; 2; 3; Q 0 Þ: If j ¼ n then we have a T-parachute TPð4; 6; 5; x n ; 3; 1; QÞ:
Case 2: x n is adjacent to both nodes 4 and 5. V ðPÞ must be adjacent to both 3 and 6. Otherwise, we have a T-parachute TPð2; 1; 6; 3; 5; PÞ: The wheel ð4; P; 1; 2; 4; 6Þ is either a proper wheel or a universal wheel. The wheel ð4; P; 1; 2; 4; 3Þ is either a proper wheel, a T-wheel or a line wheel. If ð4; P; 1; 2; 4; 6Þ is a universal wheel, and ð4; P; 1; 2; 4; 3Þ is a T-wheel or a line wheel, then a node y in P\fx n g is adjacent to both 3 and 6 (and possibly 1), which contradicts Lemma 4.
Case 3: x n is adjacent to node 5 but not 4. The wheel ð5; P; 1; 2; 4; 5; 6Þ is either a proper wheel or a universal wheel. The wheel ð5; P; 1; 2; 4; 5; 3Þ is either a proper wheel or a line wheel. If ð5; P; 1; 2; 4; 5; 6Þ is a universal wheel and ð5; P; 1; 2; 4; 5; 3Þ is a line wheel, then the wheel ð3; P; 1; 3; 6Þ is a proper wheel unless P contains exactly one edge. In this case, x 1 is adjacent to 1 and 6, and x 2 is adjacent to 3, 5, 6 and x 1 ; and these are the only adjacencies between x 1 ; x 2 and S:
By symmetry, if Nð6Þ,f6g\f1; 4g (center 6) is not a star cutset, then either there is a node y 1 adjacent to 1, 2, 3, 4, (and possibly 5) but not 6 (this is node b of Fig. 5 ), or there is an edge ðy 1 ; y 2 Þ with y 1 adjacent to only 2, 4 and y 2 adjacent to only 2, 3, 5 in S (symmetrical to Case 3 above). To complete the proof of this lemma, we show that the two following cases lead to a contradiction.
Case i: G contains nodes x 1 ; x 2 as in Case 3 above and y 1 adjacent to 1, 2, 3, 4 (and possibly 5) but not 6. If y 1 is not adjacent to x 2 then G contains a 5-hole ðx 2 ; 3; y 1 ; 4; 6; x 2 Þ: Otherwise, if y 1 is adjacent to x 2 then we have a T-parachute TPð3; y 1 ; 1; x 2 ; 6; 4Þ:
Case ii: G contains nodes x 1 ; x 2 as in Case 3 above and an edge ðy 1 ; y 2 Þ with y 1 adjacent to only 2, 4 and y 2 adjacent to only 2, 3, 5 in S: If x 1 is adjacent to y 2 then we have a T-parachute TPð1; 6; x 1 ; 2; y 2 ; 5Þ: Therefore, x 1 cannot be adjacent to y 2 : Then G contains a proper wheel ðx 2 ; 5; y 2 ; 2; 1; x 1 ; x 2 ; 6Þ if x 2 is not adjacent to y 2 ; or a 5-hole ðx 2 ; y 2 ; 2; 1; x 1 ; x 2 Þ if x 2 is adjacent to y 2 : & Lemma 6. If G contains any of the graphs in Fig. 3 or Fig. 4 then G has a star cutset.
Proof. This lemma holds by the following claims. Proof. The graphs in Fig. 3(a) and (b) are isomorphic. We prove that if G contains the graph in Fig. 3 Proof. Notice that the graphs in Fig. 4 (a) and (b) are isomorphic. We prove that if G contains the graph in Fig. 4(a) or Fig. 4 (c) then G has a star cutset. By Lemma 5, there exists a node a that has the same neighbors in S as in Fig. 5 .
If a is not adjacent to x then G contains a 5-hole ðx; 2; 1; a; 5; xÞ: Otherwise, if a is adjacent to x then we have a T-parachute TPð5; a; x; 4; 2; 1Þ: & The proof of Lemma 6 completes. & Lemma 7. If a node xAG\S is adjacent to S and NðxÞ-S induces a clique distinct from f1; 2; 3g or f4; 5; 6g then G has a star cutset.
Proof. We prove this by contradiction. Let K ¼ NðxÞ-S: By symmetry we can assume that K-f4; 5; 6ga|: We break the proof into the following steps. 
Proof. This claim covers
0 Þ is not adjacent to both 3 and 6 then we have a T-parachute TPð2; 1; 6; 3; 5; P; xÞ or a T-parachute TPð2; 1; 3; 6; 5; P; xÞ: Hence, V ðP 0 Þ is adjacent to 3, 4 and 6. Let Qðy 1 ; y; y m Þ be a minimal subpath of P 0 such that V ðQÞ is adjacent to 3 and 4. We assume w.l.o.g. that y 1 is adjacent to 4 and y m is adjacent to 3. Suppose that V ðQÞ contains x: Notice that x cannot be adjacent to both 3 and 4 by our assumption. If y 1 is x then G contains an odd wheel ð4; x; Q; 3; 2; 4; 5Þ: Otherwise, if y m is x then G contains an odd wheel ð3; 2; 4; Q; x; 3; 5Þ: Hence, V ðQÞ cannot contain x: Now we consider the following cases.
Case 1.1: Q does not contain x n : If V ðQÞ is not adjacent to 6 then G contains an odd wheel ð4; Q; 3; 1; 6; 4; 2Þ: Therefore, V ðQÞ must be adjacent to 6. Let y i be the node of largest index adjacent to 6. Let Q 0 denote the subpath of Q from y i to y m : If ia1 then we have a T-parachute TPð4; 6; 5; 2; 3; Q 0 Þ: Otherwise, if i ¼ 1 then we have a T-parachute TPð4; 6; 5; y 1 ; 3; 1; QÞ: Case 1.2: Q contains x n : By Lemma 4, y 1 cannot be x n : Then we have a Tparachute TPð1; 3; 2; x n ; 4; 5; QÞ:
Case 2: x n is adjacent to 2 but not 1. If V ðP 0 Þ is not adjacent to both 3 and 6 then we have a T-parachute TPð1; 2; 3; 6; 5; P; xÞ or a T-parachute TPð1; 2; 6; 3; 5; P; xÞ: Therefore, V ðP 0 Þ must be adjacent to both 3 and 6. Let Qðy 1 ; y; y m Þ be a minimal subpath of P 0 such that V ðQÞ is adjacent to 3 and 6. We assume w.l.o.g. that y 1 is adjacent to 6 and y m is adjacent to 3.
Suppose that V ðQÞ contains x: Notice that x cannot be adjacent to both 3 and 6 by our assumption. If y 1 is x then G contains an odd wheel ð6; x; Q; 3; 1; 6; 5Þ: Otherwise, if y m is x then G contains an odd wheel ð6; Q; x; 3; 1; 6; 5Þ: Hence, V ðQÞ does not contain x:
Suppose that Q does not contain x n : If V ðQÞ is not adjacent to 4 then we have a Tparachute TPð4; 6; 5; 2; 3; QÞ: Hence, V ðQÞ must be adjacent to 4. Let y i be the node of largest index adjacent to 4. Let Q 0 denote the subpath of Q from y i to y m : If ia1 then G contains an odd wheel ð4; Q 0 ; 3; 1; 6; 4; 2Þ: Otherwise, if i ¼ 1 then we have a T-parachute TPð4; 6; y 1 ; 5; 3; 1; QÞ: Therefore, any minimal subpath Q of P that is adjacent to 3 and 6 must contain x n :
If Q contains only node x n ; then G has a star cutset by Lemmas 4 and 6. So we can assume that Q contains at least one edge. If y 1 is x n then G contains an odd wheel ð5; 3; Q; 6; 5; 2Þ: If y m is x n then G contains an odd wheel ð6; Q; 3; 1; 6; 2Þ:
Case 3: x n is adjacent to both 1 and 2. Suppose that V ðP 0 Þ is not adjacent to 4. If V ðP 0 Þ is not adjacent to 6, either, then we have a T-parachute TPð1; 2; 6; x n ; 5; 4; P; xÞ: Hence, V ðP 0 Þ is adjacent to 6. Then node 6 is universal for V ðP 0 Þ since otherwise, G contains a proper wheel ð5; x; P; 2; 4; 5; 6Þ: Furthermore, V ðP 0 Þ is adjacent to 3 since otherwise, G contains a proper wheel ð5; x; P; 2; 3; 5; 6Þ: Notice that x cannot be adjacent to both 3 and 6 by our assumption. Then the wheel ð5; x; P; 2; 4; 5; 3Þ is either a proper wheel or a D-free wheel. If it is a D-free wheel then there exists a node yAV ðPÞ\fx n g adjacent to both 3 and 6. This implies that we have a T-parachute TPð4; 6; 5; 2; 3; yÞ: Therefore, V ðP 0 Þ must be adjacent to 4. Let x i be the node of largest index adjacent to 4. Let Q denote the subpath of P 0 from x i to x n : Suppose i ¼ 0 (x is adjacent to 4). Notice that x cannot be adjacent to both 3 and 4 by our assumption. If V ðPÞ is not adjacent to 3 then G contains an odd wheel ð5; x; P; 2; 3; 5; 4Þ: Hence, V ðPÞ is adjacent to 3. Let x j be the node of smallest index adjacent to 3. Let W be the subpath of P 0 from x to x j : Suppose that j ¼ n: If V ðP 0 Þ is not adjacent to 6 then G contains an odd wheel ð6; 4; x; P; 1; 6; 2Þ: Hence, V ðP 0 Þ is adjacent to 6. If x n is not adjacent to 6 (this implies jV ðPÞjX2) then the wheel ð4; x; P; 2; 4; 6Þ or the wheel ð5; x; P; 3; 5; 6Þ is a proper wheel since x cannot be adjacent to both 4 and 6 by our assumption. However, if x n is adjacent to 6 then we have a T-parachute TPð1; x n ; 6; 3; 5; P; xÞ: Hence, jan: Then G contains an odd wheel ð4; x; W ; 3; 2; 4; 5Þ: Therefore, ia0: In the rest of the proof we assume that iX1:
If V ðQÞ is not adjacent to 3 then G contains a proper wheel ð5; 3; 1; x n ; Q; 4; 5; 2Þ: Hence, V ðQÞ must be adjacent to 3. Let j ðjXiÞ be the smallest index such that x j is adjacent to 3. We use Q 0 to denote the subpath of P from x i to x j : Case 3.1: jan: This also implies that ian: If V ðQ 0 Þ is not adjacent to 6 then G contains an odd wheel ð4; Q 0 ; 3; 1; 6; 4; 2Þ: Hence, V ðQ 0 Þ is adjacent to 6. Let kðkpjÞ be the largest index such that x k is adjacent to 6. We use Q 00 to denote the subpath of P from x k to x j : If kai then we have a T-parachute TPð4; 6; 5; 2; 3; Q 00 Þ: Otherwise, if k ¼ i then we have a T-parachute TPð4; 6; 5; x i ; 3; 1; Q 0 Þ: Case 3.2: j ¼ n: If ian then G contains an odd wheel ð5; 3; x n ; Q; 4; 5; 2Þ: Hence, i ¼ n: Let P 00 ¼ P 0 \fx n g: Suppose that V ðP 00 Þ is not adjacent to 3. Then n ¼ 1 and x is adjacent to 4 since, otherwise we have a T-parachute TPð2; x n ; 4; 3; 5; P; xÞ: By our assumption, x cannot be adjacent to 6. Then x 1 must be adjacent to 6 since otherwise, G contains a 5-hole ð5; x; x 1 ; 2; 6; 5Þ: But now we have a T-parachute TPð2; x 1 ; 6; 3; 5; xÞ: Therefore V ðP 00 Þ is adjacent to 3. Suppose that V ðP 00 Þ is not adjacent to 4. Then n ¼ 1 and x is adjacent to 3 since, otherwise we have a Tparachute TPð2; x n ; 3; 4; 5; P; xÞ: Then x 1 must be adjacent to 6 since otherwise, G contains a 5-hole ð5; x; x 1 ; 2; 6; 5Þ: In this case, the graph induced by f1; 3; 4; 5; 6; x 1 ; xg is isomorphic to the graph in Fig. 4 (a) (notice that f1; 3; 4; 5; 6; x 1 g induces a % P 6 ). By Lemma 6, G has a star cutset.
Therefore, V ðP 00 Þ must be adjacent to both 3 and 4. Let W ðz 1 ; y; z m Þ be a minimal subpath of P 00 such that V ðW Þ is adjacent to both 3 and 4. We assume w.l.o.g. that z 1 is adjacent to 4 and z m is adjacent to 3. If V ðW Þ is not adjacent to 6 then G contains an odd wheel ð4; W ; 3; 1; 6; 4; 2Þ: Hence, V ðW Þ is adjacent to 6. Let l be the largest index such that z l is adjacent to 6. We use W 0 to denote the subpath of W from z l to z m : Notice that x cannot be adjacent to both 4 and 6. If la1 then we have a T-parachute TPð4; 6; 5; 2; 3; W 0 Þ: Otherwise, if l ¼ 1 then we have a Tparachute TPð4; 6; 5; z 1 ; 3; 1; W Þ: This completes the proof. & Claim 2. If K contains node 6 but not 5 then G has a star cutset.
Proof. By symmetry between f1; 2; 6g and f2; 4; 6g; we can assume that Kaf1; 2; 6g: Therefore, this case covers the following K ¼ f6g; f6; 1g; f6; 2g; f6; 4g or f6; 2; 4g:
Let S ¼ Nð6Þ,f6g\fxg: Suppose that S is not a star cutset (center 6). Let Pðx 1 ; y; x n Þ be any path in G\ðS,fx; 3gÞ that minimally connects node x and 3. x 1 is adjacent to node x: x n is adjacent to 3. V ðPÞ may be adjacent to node 1, 2, 4 or 5 but not 6. By Claim 1, we can assume that Nðx n Þ-Sa f3g; f3; 1g; f3; 2g and f3; 5g; since node 3 is symmetric to node 5. It follows from Lemmas 4 and 5 that x n is also adjacent to 1 and 2 (and possibly 4, 5). We consider the following cases.
Case 1: P contains only a single node x 1 : Notice that x cannot be adjacent to 5 by our assumption. If x 1 is not adjacent to 5 then G contains an odd wheel ð6; 5; 3; x 1 ; x; 6; 2Þ: Therefore, x 1 must be adjacent to 5. Notice also that x cannot be adjacent to both 1 and 2 by our assumption. Then we have a T-parachute TPð3; x 1 ; 1; 5; 6; xÞ or a T-parachute TPð3; x 1 ; 2; 5; 6; xÞ:
Case 2: P contains at least one edge. Suppose that V ðPÞ is not adjacent to 5. Then the wheel ðx; P; 3; 5; 6; x; 2Þ is either a proper wheel or a line wheel. The wheel ðx; P; 3; 5; 6; x; 1Þ is either a proper wheel or a line wheel. If both the wheel ðx; P; 3; 5; 6; x; 1Þ and the wheel ðx; P; 3; 5; 6; x; 2Þ are line wheels then x is adjacent to both 1 and 2. This contradicts our assumption. Therefore, V ðPÞ is adjacent to 5. Let P 0 denote the path induced by V ðPÞ,fxg: Let Qðy 1 ; y; y m Þ be a minimal subpath of P 0 such that V ðQÞ is adjacent to both 5 and 1. We assume w.l.o.g. that y 1 is adjacent to 5 and y m is adjacent to 1. y 1 cannot be x by our assumption. Suppose that y m is x: That is, x is adjacent 1. Then Q contains at least one edge by our assumption. If y 1 is not x n then G contains an odd wheel ð5; 3; 1; x; Q; 5; 6Þ: Otherwise, if y 1 is x n then we have a T-parachute TPð3; x n ; 1; 5; 6; Q; xÞ: Therefore, y m is not x; either.
Case 2.1: Q does not contain x n : Case 2.1.1: V ðQÞ is not adjacent to 4. If V ðQÞ is not adjacent to 2 then G contains an odd wheel ð5; 4; 2; 1; Q; 5; 3Þ: Therefore, V ðQÞ is adjacent to 2. Let y i be the node of smallest index adjacent to 2. If i ¼ m then we have a T-parachute TPð1; 2; y m ; 3; 5; 4; QÞ: Otherwise, if iam then we have a T-parachute TPð1; 2; 6; 3; 5; Q 0 Þ; where Q 0 is the subpath of Q from y 1 to y i : Case 2.1.2: V ðQÞ is adjacent to 4. Let y j be the node of largest index adjacent to 4. Let Q 00 be the subpath of Q from y j to y m : If ja1 then the wheel ð5; 3; 1; Q 00 ; 4; 5; 2Þ is either a proper wheel or a line wheel. If it is a line wheel then the wheel ð6; 4; Q 00 ; 1; 6; 2Þ is a proper wheel. If j ¼ 1 then we have a T-parachute TPð4; 5; 6; y 1 ; 1; 3; QÞ: Case 2.2: Q contains x n : Case 2.2.1: Q contains at least one edge. This implies that y m is x n since x n is adjacent to 1. Then G contains an odd wheel ð6; 5; Q; x n ; 1; 6; 3Þ: Case 2.2.2: Q contains only node x n : Let P 00 ¼ P 0 \fx n g: V ðP 00 Þ must be adjacent to both 5 and 1. Otherwise, we have a T-parachute TPð3; x n ; 1; 5; 6; P; xÞ or a Tparachute TPð3; x n ; 5; 1; 6; P; xÞ: Let W ðz 1 ; y; z k Þ be a minimal subpath of P 00 such that V ðW Þ is adjacent to 5 and 1. We assume w.l.o.g. that z 1 is adjacent to 5 and z k is adjacent to 1. z 1 cannot be adjacent to x by our assumption. Suppose that z k is x: This implies that W contains at least one edge. Then G contains an odd wheel ð5; 3; 1; x; W ; 5; 6Þ: Hence, z k cannot be x; either.
If V ðW Þ is not adjacent to 2 then we have a T-parachute TPð2; 1; 6; 3; 5; W Þ: Therefore, V ðW Þ is adjacent to 2. Let z l be the node of smallest index adjacent to 2. Let W 0 be the subpath of W from z 1 to z l : If lak then we have a T-parachute TPð1; 2; 6; 3; 5; W 0 Þ: Hence, l ¼ k: If V ðW Þ is not adjacent to 4 then we have a Tparachute TPð1; 2; z k ; 3; 5; 4; W Þ: Therefore, V ðW Þ is adjacent to 4. Notice that W contains at least one edge by Lemma 4. The wheel ð5; W ; 2; 6; 5; 4Þ is either a universal wheel or a proper wheel. If it is a universal wheel then the wheel ð5; W ; 2; 3; 5; 4Þ is a proper wheel. & Claim 3. If NðxÞ-S ¼ f4g then G has a star cutset.
Proof. Let S ¼ Nð4Þ,f4g\fxg: Suppose that S is not a star cutset. Let Pðx 1 ; y; x n Þ be any path in G\ðS,fx; 1; 3gÞ that minimally connects node x and f1; 3g: x 1 is adjacent to node x: x n is adjacent to f1; 3g: By Claims 1 and 2 (and Lemmas 4 and 6), we can assume that Nðx n Þ-S ¼ f1g or Nðx n Þ-S+f1; 2; 3g since 3 is symmetric to 5 and 2 is symmetric to 6. V ðPÞ may be adjacent to nodes 2, 5 or 6 but not 4.
Case 1: Nðx n Þ-S ¼ f1g: V ðPÞ must be adjacent to 5. Otherwise, G contains a proper wheel ð5; 3; 1; P; x; 4; 5; 2Þ: Let x i be the node of largest index adjacent to 5. Let Q be the subpath of P from x i to x n : If V ðQÞ is not adjacent to 2 then G contains an odd wheel ð5; 4; 2; 1; Q; 5; 3Þ: Hence, V ðQÞ must be adjacent to 2. Let jðjXiÞ be the smallest index such that x j is adjacent to 2. Let Q 0 be the subpath of P from x i to x j : If Q 0 contains at least one edge then we have a T-parachute TPð1; 2; 6; 3; 5; Q 0 Þ: Therefore, Q 0 contains only node x i : If x i is not adjacent to 6 then we still have a Tparachute TPð1; 2; 6; 3; 5; Q 0 Þ: Hence, x i is adjacent to 6. Then G contains the graph in Fig. 3(a) . By Lemma 6, G has a star cutset.
Case 2: Nðx n Þ-S+f1; 2; 3g: If V ðPÞ is not adjacent to 5 then G contains a proper wheel ð5; 3; x n ; P; x; 4; 5; 2Þ: Therefore, V ðPÞ must be adjacent to 5.
Case 2.1: x n is adjacent to 5. Let P 0 ¼ P\fx n g: Then n41 and V ðP 0 Þ must be adjacent to both 2 and 5. Otherwise, we have a T-parachute TPð3; x n ; 2; 5; 4; P; xÞ or a T-parachute TPð3; x n ; 5; 2; 4; P; xÞ: Let Q be a minimal subpath of P 0 such that V ðQÞ is adjacent to both 2 and 5. If Q contains at least one edge, or V ðQÞ is not adjacent to 6 then we have a T-parachute TPð1; 2; 6; 3; 5; QÞ: Otherwise, if Q contains only a single node, and it is adjacent to 6 then G contains the graph in Fig. 3(a) . By Lemma 6, G has a star cutset. Case 2.2: x n is not adjacent to 5. Let x i be the node of largest index adjacent to 5. Let Q be the subpath of P from x i to x nÀ1 : If V ðQÞ is not adjacent to 2 then G contains an odd wheel ð5; 4; 2; x n ; Q; x i ; 5; 3Þ: Therefore, V ðQÞ must be adjacent to 2. Let j ðjXiÞ be the smallest index such that x j is adjacent to 2. Let Q 0 denote the subpath of Q from x i to x j : If Q 0 contains at least one edge, or V ðQ 0 Þ is not adjacent to 6 then we have a T-parachute TPð1; 2; 6; 3; 5; Q 0 Þ: Otherwise, if Q 0 contains only a single node, and it is adjacent to 6 then G contains the graph in Fig. 3(a) . By Lemma 6, G has a star cutset. This completes the proof. &
The proof of Lemma 7 completes. & These lemmas imply Theorem 2.
Proof of Theorem 3
In this section, we prove our main result as follows. Recall the notation introduced in Section 1.4: B is a maximally P 6 -connected subgraph of % G: Lemma 10 shows that every node outside V ðBÞ is universal for B or has no neighbor in B: Lemma 11 shows that B is bipartite. Before proving these lemmas, we prove two technical lemmas (Lemmas 8 and 9).
Lemma 8. Let G be a WP
0 -free perfect graph that contains % P 6 : Let S be the node set of a % P 6 of G as labeled in Fig. 2 . A node x in G\S adjacent to S satisfies the following properties:
(1) If NðxÞ-S ¼ f4; 5; 6g then G has a star cutset or G contains the graph in Fig. 6 or both. (2) If NðxÞ-S ¼ f1; 2; 3g then G has a star cutset or G contains the graph in Fig. 7 or both.
Proof. By symmetry, the proof of (2) is similar to the proof of (1). We prove (1) as follows. Let S ¼ Nð6Þ,f6g\fx; 1; 2g: Suppose that S is not a star cutset (center 6). Let Pðx 1 ; y; x n Þ be any path in G\ðS,f1; 2; 3; xgÞ that minimally connects node x and f1; 2; 3g: x 1 is adjacent to node x: x n is adjacent to f1; 2; 3g: V ðPÞ may be adjacent to 4 or 5 but not 6. By Theorem 2, we can assume that x n is adjacent to 1, 2, 3 (and possibly 4, 5). If P contains only node x 1 then G contains the graph in Fig. 6 . In the rest of this proof we assume that P contains at least one edge.
If V ðPÞ is not adjacent to 4 then we have a T-parachute TPð1; 2; 6; x n ; x; 4; PÞ: If V ðPÞ is adjacent to 4 then the wheel ðx; P; 2; 6; x; 4Þ is either a proper wheel or a universal wheel. If it is a universal wheel then the wheel ðx; P; 1; 6; x; 4Þ is a proper wheel. This completes the proof. & Let G be a WP 0 -free perfect graph that contains a % P 6 and let B be a maximally P 6 -connected induced subgraph of % G: In the rest of this section, we work on % G unless specified otherwise. Recall that the complements of the graphs in Fig. 5 are formed by a P 6 ð6; 3; 4; 1; 5; 2Þ; a node a adjacent to 2 (and possibly 3) but not 1, 4, 5 or 6, and a node b adjacent to 6 (and possibly 5) but not 1, 2, 3 or 4.
Lemma 9. Suppose that G has no star cutset. Let S be the node set of a P 6 of B. If a node yeS has a neighbor x in S but y is not universal for S; then y belongs to B. Furthermore, if edge ðx; yÞ does not belong to any P 6 then B contains one of the graphs in Fig. 8 .
Proof. Let P 6 ð6; 3; 4; 1; 5; 2Þ denote the path induced by S: S,fyg induces a bipartite graph by Theorem 2. It is easy to check that, in the graph induced by S,fyg; the edge ðx; yÞ belongs to some P 6 that shares an edge with P 6 ð6; 3; 4; 1; 5; 2Þ except in the case where y is only adjacent to 4 in the P 6 ð6; 3; 4; 1; 5; 2Þ and in the case where y is only adjacent to 4, 5, and 6 in the P 6 ð6; 3; 4; 1; 5; 2Þ (x may be 4, 5 or 6) and their symmetric cases. We consider these two cases as follows. Case 1: y is only adjacent to 4 in the P 6 ð6; 3; 4; 1; 5; 2Þ: Recall that by Lemma 5, G contains one of the graphs in Fig. 5 since G has no star cutset. We further consider the following cases. Case 1.1: NðaÞ-S ¼ f2g: ð4; yÞ belongs to P 6 ðy; 4; 1; 5; 2; aÞ if a is not adjacent to y; or P 6 ð6; 3; 4; y; a; 2Þ if a is adjacent to y: Both of these P 6 's share an edge with P 6 ð6; 3; 4; 1; 5; 2Þ: Case 1.2: NðaÞ-S ¼ f2; 3g: If y is not adjacent to a then ð4; yÞ belongs to P 6 ðy; 4; 1; 5; 2; aÞ; which shares an edge with P 6 ð6; 3; 4; 1; 5; 2Þ: We assume now that y is adjacent to a: Notice that b cannot be adjacent to y since G is perfect. If NðbÞ-S ¼ f5; 6g then ð4; yÞ belongs to P 6 ðy; 4; 3; 6; b; 5Þ; which shares an edge with Fig. 7 . x may be also adjacent to 1 or 3 or both but not 2. Fig. 6 . x may be also adjacent to 4 or 5 or both but not 6. P 6 ð6; 3; 4; 1; 5; 2Þ: Notice that ða; yÞ belongs to P 6 ða; y; 4; 1; 5; bÞ if a is not adjacent to b; and ða; yÞ; ða; bÞ belong to P 6 ð1; 4; y; a; b; 6Þ if a is adjacent to b: Thus, we can assume that NðbÞ-S ¼ f6g:
If b is adjacent to a then ð4; yÞ belongs to P 6 ð5; 1; 4; y; a; bÞ; which shares an edge with P 6 ð6; 3; 4; 1; 5; 2Þ: If b is not adjacent to a then B contains the P 6 ðb; 6; 3; 4; 1; 5Þ: Note that b is adjacent to none of a; y and 2. By Lemma 5, there exists one more node a 0 such that Nða 0 Þ-V ðP 6 ðb; 6; 3; 4; 1; 5ÞÞ ¼ fbg or f1; bg in % G: a 0 is not adjacent to a in % G since G is perfect. If a 0 is not adjacent to y then ð4; yÞ belongs to P 6 ðy; 4; 3; 6; b; a 0 Þ; which shares an edge with P 6 ð6; 3; 4; 1; 5; 2Þ: Notice that ða; yÞ belongs to P 6 ða 0 ; b; 6; 3; a; yÞ in this case. So we can assume that a 0 is adjacent to y: In the case where Nða 0 Þ-V ðP 6 ðb; 6; 3; 4; 1; 5ÞÞ ¼ fbg; the edge ð4; yÞ belongs to P 6 ð1; 4; y; a 0 ; b; 6Þ; which shares an edge with P 6 ð6; 3; 4; 1; 5; 2Þ: In the case where Nða 0 Þ-P 6 ðb; 6; 3; 4; 1; 5Þ ¼ f1; bg; the subgraph induced by fa; 3; 4; 1; a 0 ; b; y; 6g is isomorphic to the graph in Fig. 8(b) . Furthermore, y belongs to P 6 ð1; a 0 ; y; a; 3; 6Þ; which shares an edge with P 6 ð6; 3; 4; 1; 5; 2Þ: Therefore, yAB: Notice that ða; yÞ belongs to P 6 ð5; 2; a; y; a 0 ; bÞ in both cases. Case 2: y is only adjacent to 4, 5, and 6 in the P 6 ð6; 3; 4; 1; 5; 2Þ: By Lemma 8, there exists a node x 1 adjacent to 2 (and possibly 1, 3) but not y; 4, 5 or 6 in % G: If x 1 is adjacent to 2 (and possibly 1) but not 3 in the P 6 ð6; 3; 4; 1; 5; 2Þ then ð4; yÞ and ð5; yÞ belong to the P 6 ð3; 4; y; 5; 2; x 1 Þ; and ð6; yÞ belongs to the P 6 ð3; 6; y; 5; 2; x 1 Þ: Both of these P 6 's share an edge with P 6 ð6; 3; 4; 1; 5; 2Þ:
If x 1 is only adjacent to 2 and 3 in the P 6 ð6; 3; 4; 1; 5; 2Þ then the graph induced by f6; 3; 4; 1; 5; 2; y; x 1 g is the graph in Fig. 8(b) . As noted above, yAB in this case.
If x 1 is only adjacent to 2, 1 and 3 in the P 6 ð6; 3; 4; 1; 5; 2Þ then the graph induced by f6; 3; 4; 1; 5; 2; y; x 1 g is the graph in Fig. 8(a) , and ð4; yÞ; ð6; yÞ; ð1; x 1 Þ and ð2; x 1 Þ Fig. 8 . Neither ð3; x 1 Þ nor ð5; yÞ belongs to any P 6 in (a). ð4; yÞ does not belong to any P 6 in (b).
belong to the P 6 ð6; y; 4; 1; x 1 ; 2Þ: Notice that neither ð5; yÞ nor ð3; x 1 Þ belongs to any P 6 in this subgraph. Finally, note that x 1 and y belongs to the P 6 ð6; y; 4; 1; x 1 ; 2Þ; which shares an edge with P 6 ð6; 3; 4; 1; 5; 2Þ: Therefore, x 1 ; yAB: & Lemma 10. Suppose that G has no star cutset. A node yeV ðBÞ adjacent to V ðBÞ is universal for V ðBÞ:
Proof. By Lemma 9, node y is universal for the node set S of some P 6 in B: It follows from Theorem 2 that y is also universal for the node set of the P 6 's that share an edge with S: Since B is P 6 -connected graph, this implies that y is universal for V ðBÞ: & Lemma 11. Suppose that G has no star cutset. Then B is bipartite.
Proof. Suppose that B is not bipartite. Since B is perfect, B contains a triangle ðx; y; zÞ: Obviously, these three nodes cannot belong to the same P 6 : Suppose that two nodes of these three nodes, say x and y; belong to some P 6 : Let S denote the node set of this P 6 : Then by Theorem 2, the third node z should be universal for S: Now we prove that it is also universal for V ðBÞ\fzg: Suppose that z is universal for SCV ðBÞ; where SCS and S,fzgaV ðBÞ: Since B is P 6 -connected, in B there exists another P 6 ; denote by S 0 the node set of this P 6 ; not entirely contained in S which shares an edge e with some P 6 in S: Since z is adjacent to both ends of e; zeS 0 : Furthermore, by Theorem 2, z is universal for S 0 : Therefore, z is universal for S,S 0 : By induction, z is universal for V ðBÞ\fzg: This contradicts the fact that B is P 6 -connected. Hence, no two of the three nodes x; y; z belong to the same P 6 :
Therefore, we only need to consider the following two cases by Lemma 9. Case 1: B contains the graph in Fig. 8(a) plus z adjacent to 5 and y. That is, f5; y; zg induces a triangle. By Theorem 2 applied to the P 6 ð6; 3; 4; 1; 5; 2Þ; z cannot be adjacent to 1, 2 or 3. By Theorem 2 applied to the P 6 ð6; y; 4; 1; x 1 ; 2Þ; z cannot be adjacent to 4, 6 or x 1 : But now the P 6 ð6; 3; x 1 ; 2; 5; zÞ plus node y contradicts Lemma 4.
Case 2: B contains the graph in Fig. 8(b) plus z adjacent to 4 and y. That is, f4; y; zg induces a triangle. By Theorem 2 applied to the P 6 ð6; 3; 4; 1; 5; 2Þ; z cannot be adjacent to 1, 2 or 3. By Theorem 2 applied to the P 6 ð1; 5; y; 6; 3; x 1 Þ; z cannot be adjacent to 5, 6 or x 1 : But now the P 6 ðz; y; 6; 3; x 1 ; 2Þ plus node 4 contradicts Lemma 4. & Proof of Theorem 3. By Lemma 11, B is bipartite. Suppose B is not a connected component of % G: By Lemma 10, any node y in % G\B that has a neighbor in B is universal for V ðBÞ: Therefore, NðxÞ,fxg is a star cutset of G for any node x in V ðBÞ; since S ¼ V ðBÞ\ðNðxÞ,fxgÞ is nonempty, and y and S are in distinct connected components of G\ðNðxÞ,fxgÞ: This completes the proof. &
